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What is a Function of a Random
\lariable?

A Function of Functions?

A Function of Variables?
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Basics  Random Variables Are Already Functions
R d When we talk about random variables, we are talking
an. om about a function that takes observations from the

Varlab|eS samples space, €, to the reals, R.

X:Q-R

illustration:
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Basics

Random
Variables

Functions of Random Variables

So when we define a function that takes values of the
random variable to some other real value, the ultimate
result is a composite function that takes values from £2
to the reals:

X:Q-R
g:R->R
which means

goX: Q- R

illustration: K

X |
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Basics Functions of Random Variables

This means that g o X (aka, g(X)) is also a random
Random variable -

Variables

So "functions of random variables are random
variables" - essentially, by taking a function of a
random variable we can define new random variables.

—

For instance if we say X is a random variable, g(X) is
some nice function, and|'7= (g-X )(a))]then we can
writeY : Q - R ' —

illustration: u &
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Basics New Random Variables With New Distributions

Example 1 .
Random L U= 0.
Varibles  fY ~ U(0, )and ST
\ h(U) = ljueru>0.2) (U) G/\ﬂ (W) 2 0
eW I({ n.".’;)(“)
Distributions """ g

ﬂ(x)_{l xeAa 1 i TRoE
A0 x&A O -,_[_‘]:‘LS(

is an indicator function

then A2(U) will be a Bernoulli random variable with
p = 0.8.
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Basics  Finding the Distribution of the (g(X))

Rand So if X is random variable then ¥ = g(X) is a random
an. om variable. But that means we might want to think about
Variables the distribution of Y. How can we figure that out?

Let's start by thinking about the cumulative
New distribution function of X, Fx(x) = P(X < x)and
Distributions with a random variable Y created by the simple
function g(X) = a+ b - X.

Sk Find P71 28) Fhen ac e bhe cOF
o-c L( - -“A\-" means R LLM'-J IJ’S '3J'flLUJ'(M

F oy = P(Y29) = PlaX)<y)
_P(GJ-L)( 3)

= P(x s 2D
= F(22)
Ar)e)(“"m\qlb, s F;(('X) = S'X-F ({-)J{T Hen J%-E(X) = “PX(X\

Pew JdT _
"R (97 b —>——F<y—aiF L)

= £ eyl
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Basics  Finding the Distribution of the (g(X))

Since Y = g(X) is a random variable, it will also have
Random a cdf which we might call Fy(y) = P(Y < y). Then we

\lariables  can write:

Fy(y) = P(Y <)
New M FJ  =PaX+b<y)

Distributions < v b >
-P(Xx<

= Fx <ya;b> cdf of X

and since %F x(x) = fx(x) we can write

d
frQy) = d_yFY(y)

—b
dy a

y—b\/1 W Wad J<he
::]% ( ) — ")4A¢ dkthﬁ+ﬁﬂ
a a C)F “Hs iaside

p«-.r;" "
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~
Basics  Finding the Distribution of the (g(X)) T ) y }

This process doesn't require much: in fact, the key step
Random was taking the inverse of ¥ = g(X). We can write this

\larigbles  process generally as:

Proposition B

BIIeS\;ZVI'IbUtI ons Let X be a continuous random variable and @t with
density fx(x) and let Y = g(X) where g is
differentiable and strictly monotonic wherever
f(x) > 0. Then Y has the density

/
d
fr») =fx (&' O) ‘d—g‘l(y)‘ O

15 15 y@”‘(m

9K

51’?\“6‘[';3 r*hC(t?S"'\:\J E .I‘F X 7& '((7() 2 {:('j)
9‘-&3’ Y c)ccm«b@,f £ X _3/‘C(’X\<-C‘S)

SJ?-C‘HJ V‘ﬂa‘)‘é"l‘.(: ,p 1S c;LLcr §J—r"<‘)'/>'m<
S¢S <7U3 Jec
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Basics

New Random Variables With New Distributions

Random
Variables bample 2

If Z ~ N(O, 1)(.e., Z is a standard normal random
New variable) then for any ¢ and any b > 0 we can say
Distributions that g(Z) = a + bX will be N(a, b?).

Y- 3(z)=q+\o2

F o= PlYey) = P(Q*Lzsﬂo‘)
(25 %)

F2 (%)

= T(tl)

- 3

Lt\;J- S—-l'ef'. Z ¢ C‘M 00) = qg-\ozi( Ao()o)
= Y < (20,00

—l'k'f)f OJY N 7_\.“3 Q)

£, (9= 7= )
w\‘c\v\ s -“v ,A[ #ﬁ a )\l(4 L) RV.

'ﬂw.:-ﬁre_- P (s N(c& LJI)

%) ..‘.‘j-'-‘-M
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Basics

Random
Variables

New
Distributions

?§LL l{ tfﬂ‘/vr/

of v
_85l

New Random Variables With New Distributions

Example 3

Suppose that X is any random variable. What is the
distribution of Y = F x(x)?

R nh
n 'I'L\r SN Hhe 8 'S rX
Hne CUW\\J\QJ\\/'( CJ&/\S'.(-j 7CM 7L¢n 0‘7[ Y

F:]/Cj) = P(Yysy) = PCR (%) y)

\-]:-i"‘(b): P(P13> = ?(Fx(l)ffj): J
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Basics

Random
Variables

New
Distributions

New Random Variables With New Distributions

Example 4

If X ~ exp(4) and c is any positive constant, then
what is the distribution of Y = ¢ - X?

VN e><f(<7\\
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Basics New Random Variables With New Distributions

Random G
Variables Exj_/ample )

IfZ ~ N(0, 1)(.e., Z is a standard normal random
New variable) then what is the distribution of Y = Z2?

Distributions
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Basics New Random Variables With New Distributions

Random m
Viariables Exarﬂ)le}

If X ~ exp(4) and c is any positive constant, then
what is the distributionof ¥ = ¢ - m(x)?
G‘P\.l.q-cld‘ ad Jihins

-Ciﬂ‘“"- swnce C>0 +hen C-\n(‘x’) s statly (ncraniy
T "f.a\oat;hu-s

New
Distributions

se JIC cmn Usce

Siee  gIxX)=C hix) = Y= c-nfx)
> X = Ckﬂ(ﬂ)
% _
= X/ = £ = \9
s g=€" , 0¢xsY

C\\$0/ S 1N (C Q0sX<ho ;] 9 ¢ C Inlx) = vo
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