
STAT 430: Lecture 12

Functions of a Random Variable

Course page: imouzon.github.io/stat430
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Announcements
- Exam I is next Tuesday

,
October 3 't

- Solutions an ug on the course page

- Practice Exam is in progress .

Not : Check
Slides .



What is a Function of a Random
Variable?

A Function of Functions?

A Function of Variables?
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Basics

Random
Variables

Random Variables Are Already Functions
When we talk about random variables, we are talking

about a function that takes observations from the

samples space, , to the reals, .

illustration:
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Basics

Random
Variables

Functions of Random Variables
So when we define a function that takes values of the

random variable to some other real value, the ultimate

result is a composite function that takes values from 

to the reals:

which means

illustration:
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Basics

Random
Variables

Functions of Random Variables
This means that  (aka, ) is also a random

variable

So "functions of random variables are random

variables" - essentially, by taking a function of a

random variable we can define new random variables.

For instance if we say  is a random variable,  is

some nice function, and  then we can

write .

illustration:
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Basics

Random
Variables

New
Distributions

New Random Variables With New Distributions
Example 1

If  and

where

is an indicator function

then  will be a Bernoulli random variable with 

.
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if 4=0.1

-

←

.

then

Etna
,

h( 4) zo

Ice,( U )

.

I it True

o if False

IEEE.tt#aoFEitoiIeIH0.2

Plhcu)=D=P( U >

0.21=6'ldn=×t
0.2 8,2

Plhlu)=p ).=P( UE 0.21=0.2
.

=° 's

h|u1= I with probability 0.8

{ = o with probability 0.2

hc al - Bernoulli ( 0.8 )



Basics

Random
Variables

New
Distributions

Finding the Distribution of the (g(X))
So if  is random variable then  is a random

variable. But that means we might want to think about

the distribution of . How can we figure that out?

Let's start by thinking about the cumulative
distribution function of ,  and

with a random variable  created by the simple

function 
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Start
.

. Find P( Y E g) then we have the CDF

of Y - that means we know its distribution

E. I y ) = P ( Y : y ) = P(g( X ) ey )

=P ( a + bxey )

=p ( × e bja )

= Fxlsst )

Additionally ,
since Fx 1×1=5.5 fxltldt then ¥ Ffx) =fxcxi

then fgF,
( y ) = fyly) ⇒ odgfyy, =Fy Fxi 9¥ )

= f×l¥)l÷l



Basics

Random
Variables

New
Distributions

Finding the Distribution of the (g(X))
Since  is a random variable, it will also have

a cdf which we might call . Then we

can write:

and since  we can write

8 / 14

c

dfofycdf
of X

: Fend:r±i¥n
of "

this inside

part
' '



Basics

Random
Variables

New
Distributions

Finding the Distribution of the (g(X))
This process doesn't require much: in fact, the key step

was taking the inverse of . We can write this

process generally as:

Proposition B

Let X be a continuous random variable and let with

density  and let  where  is

differentiable and strictly monotonic wherever 

. Then  has the density
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strict.ly#ng :
 if × > y

f ( × ) > fly )

Stankey : if X > yf ( x ) < fly )

stitbmonotonic "

.fi#ftggItItbI
.
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Basics

Random
Variables

New
Distributions

New Random Variables With New Distributions

Example 2
If  (i.e.,  is a standard normal random

variable) then for any  and any  we can say

that  will be .
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Y = g ( 2) = a + b 2

Fy ( y ) = P ( Y ey ) = P ( a + BZ a- y )

=p ( z ± of )
= Fz ( Ej
= to ( of )

f. ( y ) = ¥ Fy ly ) = FyFz
( sit )

= fz 1 ¥ ) 's

= r÷#e÷a#oi±
=¥n e-

I. ' ¥2
b

= nnb÷- e- EE IS - a)
'

Last Step :
ze c. a

, x , ⇒ a + bzel - A. x )
⇒ y e C- x. x )

the pdf of Y is

fy ( y ) = In E 2¥ 1 555
,

- x ± y
.

± x

which is the gdf of  a
NK ,

hi ) Rv .

Therefore : Y is Nla
,

by



Basics

Random
Variables

New
Distributions

New Random Variables With New Distributions

Example 3
Suppose that  is any random variable. What is the

distribution of ?
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.

÷this use
,

the
"

g
"

is Fx
,

the cumulative density function of X .

%o¥¥gF↳| Fycy , =p ( vi. g) =P ( EHH y )

f- Few = MY ey ) =P ( Fxcx ) i y ) =

y



Basics

Random
Variables

New
Distributions

New Random Variables With New Distributions

Example 4
If  and  is any positive constant, then

what is the distribution of ?
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*y ) t f×( ( × ) . Icl

= de
'T 4

. in

= c.

x.
e-

' ^×

Y~ exp ( CN



Basics

Random
Variables

New
Distributions

New Random Variables With New Distributions

Example 5
If  (i.e.,  is a standard normal random

variable) then what is the distribution of ?
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Basics

Random
Variables

New
Distributions

New Random Variables With New Distributions

Example 6
If  and  is any positive constant, then

what is the distribution of ?
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@
madagan ?.

after class additions

first : since c > 0 then C. In ( × ) isstnitlyincnasixso
we can use

'  ' probositron B
. '

Since glx )= c. lnlx ) ⇒ y= c. lnlx )

⇒ × = c.hn ( Y )

⇒ e "=y
s . gtlx )=£ "

,
0.c×±y

also
,

since otX< X.  - x ⇐ c. lntx )=X


