
Homework 1

Solutions

1. (a) Let XEA - B

Then XEA  and × -413 ( the definition  of A
- B)

So X E A  and × c- B
'

so XE ANB
'

Thus  if XEA . B
,

XEANB
'

.  This  means A - BEANB
'

Now  suppose
that  Xe An B

'

Then XEA  and XEB ?
.

so  X £ A  and XHB
so XGA - B

Thus  we  can say
that A - B E AND

'

since A - BE A  NB
'

and ANB
'

E A - 13 we  can  conclude that A- D= An Bc
.

b) Let  X E ( A .131 ul A - BY

thenX. E A - 13 a X e A -13
'

if × e A . B then × e  A  and × -413 .
 But this  would meanXEAif

XE
A .

B
'

then XEA  and x¢B '
.  But this  also  man . XEA .

so  either way ,
XEA .

Thus ,
( A - B) u ( A

:BY E A.
.

Now suppose  XEA .

if XEB then XEANB = A - B
'

so X € ( A -B) u( A. BY

if ×¢B ,
then XE A - B and thus Xe ( ANB )u( ANBY

in both cases
,

XE ( A - B) u( A - BY
.

Thus At ( A - B) u( A- By and since ( A. B) u( A . BYEAthen A  = ( A - B) ul A - Dy

c) Our goal is to  show that  if  a EA then  a  c. p and that if b C- B then bet

We  can do this  in one step

Let a€A and b€B .

f.  on the definition ,
this  means ( 9b ) £ A×B

then ( a
,

b) E BXA

Since weknow thatA×B÷ BXA  in this  case ,

but this  means that a c- B and bet .

.

means a EB and any
BED means

BEA .

so  any a €A

Sp Ae B and BEA
.

Thus A=B

d)
Suppose p E Ax ( Bnc ) .

.

then there P some a EA and some XEBNC so that p=( g X )

since XEB
,

then p= ( a , × ) EAXB

Since XEC
,

then p
= ( a ,Xl E A  × C

so
p C. A  xD and pe A ×C .

thus
,

since for  any pe Axl Bnd n also  an  element  of ( A × B) n( AXC )

then A- xDnc ) E (A  xB)n( Axc )



lc ) continued

now suppose

pefAxB)n(

Axc )

Since pe A xD ,
there ,>  some a EA  and XEB s . t

. p= ( a
,

× )

Since pe A XC
,

than is some  aeA  and some
XEC sit . p

= ( a ,X )

so a EA and XEC
.

and x  e B which implies a c. A  and × E B nc

thus p=k,×1 t An (
Bnd

. .

so p
C A × ( Bnc )

so p
E (A × B) n( Axc ) implies pe A  * ( Bnc ) and pe A  × ( Bnc ) implies p E (A  × B) n( Axa

thus A  × ( Bnc ) EH × B) n ( Axc ) and AxD )n( Axc ) I Ax 1 Bnc )

So A  × ( Bnc ) = Ax B) nl A  xc )
.

: ) dearly ¢ E 7

(2) ¢ c. 7 and ¢ '=R e 7

A c. 7  and A
'

e 7

A 'e7  and ( A 's '=A e F

R e7  and ( r ) '=¢f7

" Let A i. Az
,
As

,
...

be  a  countable  number of  sets  with each Ai £7
.

caseti All Ai=¢
then Aiutiu . . .

 = ¢ and ¢E7  ✓

II :

All Ai  either A  or ¢

then A.  uA2uA , u
.

.
.

= Au .0 = A e 7

cased : All Ai  either ¢ or A
'

then A ,uAzu . . .
 = A 'u¢= A

'
e 7

CIE : At least  one Ai  is A , at least  one  is A ;
'

,
and all others are ¢

then Aivazu .
. .

= Ava 'u¢= R E 7

cased : At least  one Ai  = R

Then A , u Arv . . .

= A ,uAzu
. . . uAkuRwAk+ru .

.
.

= R E 7

then  are no  other  cases ,
and thus the third property is satisfied

Thus 7 satisfies the three growth  and we can define valid probabilities

on this set

Note : We call such sets "

Sigma  algebras
"



±F( [ a ,bD= Sabsesxdx =
- e- Hahl = C-e-

" ) - fe
' "

) - e-
3 '

- e-
"

Notice : da ( e-
3 × ) = - 3i3× while . ) always  negative .

this means
that C

' "
' 3 always decreeing and thus

the maximum occurs when x=o
and as X → x the vdn gets

smaller and smaller .

.

since e
'3×

B decreasing , the largest ueln of e-
3 '

- [
"

will come when a=o and b- OX

additionally since t±µe→=o , e-
"

- e-
"

s 1- 0=1 for all a ,b

so
it  n bvunded abrn by I

also since E 392 E
"

for all b '
- 9 , e-

3 '

- e-
"

z 0 fw all b >_ a

so OEE
"

- e-
"

El

bl
A a B ⇒ A = [ a.

,
a .

]
,

B ' lbiibz ] ⇒ b
,

( a
,

a az < bz

tTBI=fY3e→×dx=fYze→dx+fn"si*ox+fYsE×dx

= F( [ b
, ,

a , ] ) t FC [ a
, ,a .

] ) + FC Lai
,

be D

7 0 t FCA ) + 0 ( since F is
bounded bow by 0 )

= FCAI
so FC B) '

- FIA )

( ) generally ,
F( [ a

,
b ] ) . e

- 39
.

e-
"

and as n - ox F( I d) n ] ) → I

for 0 e a Eb En

FC [ an ] ) = e-
3. d

- e.
' "

=
1 - e

' "

we  
could also write that  as

FC [ o
,

n ] ) = Soa3e→×d×
t Sabe

.
"

dx + fh3i3×dx
= F ( [ o

,
a ] ) + F ( [ a ,b ] ) t FC [ bin ] )



&
lim FC [ on ] ) = nlijna $f¢[o , a ] ) + f( [ a ,bD + FC [ bin ])|
n→x

= F ( [ o
,

a ] ) + FLK ,bD + nllomx FC [ b. n ] ):
.

1 = FC [ o
,

a ] ) + FC tab ] ) + nkyx Fl [ bin ] )

which gives

f- ( [ a ,b ] ) = 1 - FC [ 0 , a ] ) - dig ,
F ( I b ,nD

4 . a) There is no snow outside
,

so no matter what I mean

the volume  of  snow  above  will be 0 .

b) Volume = length :  width ^ height

= ( 1dm ) .
( IOM ) . ( 1 m )

= 100 m3

c)

Esthete"aYdmIEIYIIe÷:#fit
looms

If we measure
the field as normal ,

but exclude

small rectangles
around the missing points, sey squares

with length Yn then  a
would be under measuring

the tru volume .

If we
let our trn volume be V

,V* = over measurement

and VEbe our  under measurement ,
then

V
* = 100 - ( # missing points) . ht

V*= Loo and

and since V*£V< ✓ * then

too -

( # so # int e ✓ { 100

as n → X ,
we get V* → to

that means
that  as nyx V* - olooeveko

so our under  and over measurements both converge to 100 m

]

. and since V is
" pinched

" between them ,
V = loom

' must be our

tnr volume .

d) 10 points,
100 points,

n zornts - it won't matter .

thestove approach
will vwh

.


